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Abstract—An experiment aimed at searches for an admixture of a sterile neutrino whose mass is 1 to 8 keV
via detecting electrons from tritium decay in a proportional counter is proposed. The admixture in question
can be discovered by a specific distortion of the energy spectrum of these electrons. For the above masses,
the distortion extends over the whole spectrum; therefore, use can be made of detectors that have a relatively
low energy resolution (about 10 to 15%). A classic proportional counter is a simple and natural choice of
detector for the decays of a gaseous tritium. The approach that we propose is novel in two respects. On one
hand, the proportional counter used is made as a discrete unit in the form of a fully fused quartz tube. This
permits a readout of current signals directly from the anode filament and ensures a high stability in the case
of long-term measurements. At the same time, the application of state-of-the-art digital data-acquisition
methods will make it possible to perform measurements under conditions of high counting rates—up to
106 Hz. As a result, the energy spectrum of electrons from tritium decays that is formed by 1012 counts
could be accumulated within about a month. This data sample would make it possible to set an upper
limit in the range of 10−3−10−5 on a sterile-neutrino admixture at a confidence level of three standard
deviations (3σ) for ms in the range of 1–8 keV, this being one to two orders of magnitude more stringent
than present-day limits.

DOI: 10.1134/S1063778815020027

1. INTRODUCTION

A nonzero neutrino mass and the existence of
dark matter, whose nature is not known presently,
indicate that the Standard Model of particle physics
is incomplete. Sterile neutrinos are among the most
natural candidates for dark-matter particles. They
appear in the majority of extensions of the Stan-
dard Model that include massive neutrinos. Sterile
(right-handed) neutrinos are neutral leptons. They
are SU (2) singlets and therefore do not take part in
weak interactions. With the exception of some special
degenerate cases, however, sterile neutrinos always
undergo mixing with active (left-handed) neutrinos,
thereby leading to the appearance of new mass states
in the spectrum. From the experimental point of
view, the results of some short-baseline experiments
aimed at searches for neutrino oscillations (LSND
and MiniBooNE), the reactor anomaly, and the re-
sults of the calibration of radiochemical experiments
devoted to measuring solar-neutrino fluxes (for an
overview, see [1]) favor the existence of sterile neu-
trinos. These anomalies can be described under the
assumption that there exist one or two light sterile

*E-mail: lokhov@inr.ru

neutrinos of mass about a few eV units. The hypoth-
esis of the existence of extra light neutrinos is com-
patible with present-day cosmological data obtained
by measuring the anisotropy of cosmic microwave
background radiation [2] and data on light-element
abundances treated on the basis of the theory of pri-
mary nucleosynthesis [3]. Moreover, this hypothesis
may remove [4, 5] currently existing contradictions
between the observations of the Universe at small and
large redshift values—namely, between the data of the
Planck experiment, local measurements of the Hub-
ble constant, and available statistics of large galaxy
clusters. From the point of view of explaining dark
matter, the range of sterile-neutrino masses between
1 and 10 keV is of greatest interest [6, 7].

By analogy with the three fermion generations in
the Standard Model, we can expect that sterile right-
handed neutrinos also form three generations. The
discovery of one sterile-neutrino generation would
strengthen the confidence in the existence of the re-
maining generations. If one of them forms dark mat-
ter, the mass-to-mixing angle ratio for this neutrino
is substantially constrained by astrophysical observa-
tions, such as searches for a gamma line from sterile-
neutrino decay in galactic halos [8] (for an overview,
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Fig. 1. Limits on the admixture of sterile neutrinos in the decays of the following nuclei: (1) 187Re [13], (2) 3H [14], (3) 63Ni [12],
(4) 35S [15], (5) 64Cu [16], (6) 37Ar recoil nuclei [17], (7) 38mK [18], and (8) 20F [19]. The 0 symbol marks the line that
represents the estimated sensitivity of the proposed experiment.

see [7]). These constraints do not apply to the re-
maining generations. In view of this, direct laboratory
searches for sterile neutrinos are of particular interest
both in the region of parameters that correspond to
the dark-matter sector and beyond this region. The
discovery of sterile neutrinos would provide a solu-
tion to a number of fundamental problems in parti-
cle physics (structure of the neutrino mass matrix,
character of the extension of the Standard Model, and
lepton-number nonconservation), astrophysics, and
cosmology (dark matter).

2. SEARCHES FOR A MASSIVE-NEUTRINO
ADMIXTURE IN BETA DECAYS OF NUCLEI

Dedicated searches for a massive-neutrino admix-
ture in beta decays of nuclei were initiated by the pi-
oneering article of Simpson [9], where it was claimed
that an inflection point in the electron spectrum of tri-
tium was observed in the region around 1.5 keV. The
measurements reported there were performed with
the aid of a Si(Li) semiconductor detector in which
tritium was implanted. The observation in ques-
tion served as a basis for concluding that a neutrino
characterized by a mass of 17.1 keV and a mixing
probability of 3% exists. After that, Simpson and
Hime reported on two other experiments devoted to
measuring the electron spectrum of tritium implanted
in a high-purity germanium (HPGe) semiconductor
detector [10] and the 35S electron spectrum accumu-
lated by an external Si(Li) semiconductor detector
without source implantation in the detector [11]. In
the quoted articles, the limit on the admixture in

question was reduced to about 0.6%, but the presence
of a heavy neutrino with a mass of about 17 keV
was confirmed. Those results gave rise to a burst
of experimental activities aimed at searches for such
neutrinos in the decays of 14C, 63Ni, 177Lu, and some
other elements. Predominantly negative results that
disproved Simpson’s conclusions were obtained in
a number of studies. The currently most stringent
limit on the admixture of massive neutrinos was ob-
tained with the aid of a magnetic spectrometer at the
Zurich University in measuring the electron spectrum
of 63Ni. According to those measurements, the upper
limit on the admixture of 17-keV neutrinos was esti-
mated at 0.05% at a 95% confidence level (C.L.) [12].

Although the presence of an admixture of 17-keV
neutrinos at a level of 0.6% was not confirmed by more
recent independent experiments, searches for mas-
sive (sterile) neutrinos in beta decays of nuclei under
laboratory conditions have been continued, albeit less
vigorously. The present-day limits on the admixture
in question are given in Fig. 1, where the upper limits
on the mixing parameter U2

ex are shown for various
values of the neutrino mass mx. The simple case
where a massive sterile neutrino νx is mixed with
the electron flavor state νe of an active neutrino is
considered. This figure was prepared by using the
published results of recent laboratory experiments,
where searches for an admixture of massive sterile
neutrinos were performed on the basis of a detailed
analysis of the decays of nuclei. The numbering of
the lines on display corresponds to the experiments
with (1) 187Re nuclei [13], (2) 3H nuclei [14], (3) 63Ni
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nuclei [12], (4) 35S nuclei [15], (5) 64Cu nuclei [16],
(6) 37Ar recoil nuclei [17], (7) 38mK nuclei [18], and
(8) 20F nuclei [19]. In Fig. 1, we present the limits on
the massive-neutrino admixture that were obtained
for tritium with the aid of the magnetic spectrometers
in Troitsk [20] and in Mainz [21]. Those experiments
were aimed primarily at detecting the beta spectrum
of tritium in the vicinity of the endpoint energy in order
to measure precisely the νe mass; therefore, the limits
on the admixture were obtained for mx in the range
of 1–100 eV. However, the plans of these groups for
investigations in the near future (KATRIN project as
a continuation of the experiment in Mainz) include
measurements of the spectrum over a broader range
that would make it possible to set limits for masses of
about several keV units.

The same figure shows the upper limit expected
for the above mixing parameter from the proposed ex-
periment (the “0” symbol marks the respective line).
This limit was obtained from a simulation of the ex-
perimental spectrum for a data sample of 1012 events.
A more detailed account of the procedure underlying
this estimation is given in Section 6 below.

3. SEARCHES FOR A MASSIVE-NEUTRINO
ADMIXTURE IN TRITIUM BETA DECAY
WITH THE AID OF A PROPORTIONAL

COUNTER

From the point of view of the procedure of the ex-
periment being discussed, the studies reported in [22,
23], where the beta spectrum of tritium was studied
with the aid of a gaseous proportional chamber, are of
greatest interest. Those studies were aimed at testing
the hypothesis of 17-keV neutrinos; therefore, the
segment of the spectrum between 0.8 and 3.5 keV
was primarily studied for the presence of an inflection
point. Despite this, some of their methodological
features have a direct bearing on the proposed exper-
iment. In particular, use was made of a gaseous Ar +
10%CH4 mixture at a pressure of 0.5 atm. The max-
imum counting rate was 2000 Hz. About 109 events
over the whole spectrum were accumulated within
500 h of measurements. It is of interest that the
authors of [22, 23] did not indicate that they noticed
a degradation of the gaseous mixture. Further, they
mentioned the presence of a wall effect, which mani-
fested itself primarily in the region of small energy de-
positions (up to about 3 keV). Those measurements
led to setting an upper limit of 0.2% on the admixture
of 17-keV neutrinos at a 90% C.L.

We would like to mention yet another early study
that has a direct bearing on the proposed experi-
ment. Here, we mean a measurement of the electron-
(anti)neutrino mass by the shape of the tritium beta
spectrum in the vicinity of the endpoint energy. A

cylindrical proportional counter filled with a Xe +
Ar + CH4 gaseous mixture containing various con-
centrations of the components was used in [24, 25].
The activity of tritium in the counter did not exceed
30 000 events per minute (500 Hz). A degradation
of the gaseous mixture was not reported. Also, the
linearity of the scale and the stability of the energy
resolution were highlighted. The tritium spectrum
was studied in the region above 16 keV. The resulting
limit on the neutrino mass was 1 keV. The aforemen-
tioned negligible contribution of the wall effect in the
electron spectrum for energy depositions in excess
of 5 keV was of importance from the methodological
point of view. Although no numerical estimates of the
wall-effect contribution were presented in [24, 25], an
important conclusion can be drawn from those stud-
ies that a long-term accumulation of the spectrum
at a high counting rate in the proportional counter is
possible in principle since the wall-effect contribution
will be insignificant.

4. NEW APPROACH TO MEASURING
THE SPECTRUM OF ELECTRONS FROM

TRITIUM IN A PROPORTIONAL COUNTER

As was indicated above, searches for a specific
distortion that, owing to the hypothesized admixture
of sterile neutrinos whose mass ms ranges between 1
and 10 keV, arises in the energy spectrum of electrons
from tritium decays are of interest from the experi-
mental point of view. Below, we will show that this
distortion extends over the whole spectrum; therefore,
one can use detectors that have a relatively low en-
ergy resolution (about 10 to 15%). The electrons in
question will be detected by a gaseous proportional
counter. In the case of tritium, the use of a gaseous
counter provides the advantage of combining a source
and a target in a natural way; owing to a low threshold
(down to 0.2 keV), this permits detecting almost the
whole energy-deposition spectrum. In view of this
advantage, gaseous detectors have been repeatedly
chosen for measuring the spectrum of tritium [22, 24,
25]. The counter proposed for the experiment being
discussed has a special structure. It is manufactured
from quartz glass, and a thin carbon film serving as a
cathode is deposited onto its inner surface [26, 27].
In contrast to traditional methods for manufactur-
ing proportional counters, the fully fused quartz tube
ensures here a radical improvement of the reliability
and stability in operating the counter and provides
the possibility of employing the counter over a broad
temperature range extending up to 400◦C.

A preliminary choice of counter structure and
gaseous mixture is the following. The counter is a
quartz tube 10 mm in diameter, its walls having a
thickness of about 1 mm. A pyrolytic graphite layer
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(cathode) of thickness about 1 μm is deposited onto
the inner tube surface by means of the decomposition
of isobutane, and a central tungsten filament 12 μm
in diameter is used as an anode. In the case of filling
with a Xe + CH4 mixture at a pressure of about 1 atm,
the pulsed current signal taken in the proportional
mode directly from the anode filament has a duration
of about 20 ns in a 10% base. The recording of such
(with a step of about 1 ns) oscillograms of pulses will
ensure a time resolution of about 3 to 5 ns and, as a
consequence, will make it possible to deal with high
counting rates.

The possibility of long-term measurements under
conditions of a high rate of the appearance of useful
events (counting rates of about 105 to 106 Hz) is
a feature peculiar to the proposed experiment. The
possibility of a long-term data accumulation at a high
rate of counting of 3H decays in the proportional
counter is provided on one hand by the choice of
operation conditions for the counter used (optimum
gas mixture not prone to degradation, thermal stabi-
lization of the counting equipment and high-voltage
sources, and so on). On the other hand, the state-of-
the-art level in the digital processing of signals per-
mits ensuring the accumulation of vast data arrays in
an online regime. Concurrently, there is no technical
obstacle to recording, with a discrete step of about
1 ns, the shape of each current pulse coming from the
counter and exceeding a preset threshold.

A similar regime of data accumulation was im-
plemented at the Institute for Nuclear Research
(Moscow), Russian Academy of Sciences, in study-
ing the subbarrier fission of nuclei with a slowing-
down lead (SDL) neutron spectrometer, as well as
in studying the resonance structure of neutron cross
sections with REPS and RADEX time-of-flight
spectrometers. The experimental equipment and the
measurement method used were described in detail
elsewhere [28, 29]. As an example of employing
quartz-tube counters, we would like to mention the
SAGE experiment aimed at measuring the solar-
neutrino flux [30]. In that experiment, counters of
similar design have stably been operating for a long
time.

The recording of detailed pulsed-signal oscillo-
grams with a high time resolution permits substan-
tially reducing the fraction of random superpositions
of signals and accumulating a vast data sample in
one detector within a reasonable time. For example,
an energy-deposition spectrum formed by about 1012

counts in the energy range of 0.5–20 keV was accu-
mulated in the counter within a month at a counting
rate of 106 Hz. This data sample will make it possible
to set an upper limit between about 10−3 and 10−5

on the sterile-neutrino admixture at a confidence level

(C.L.) of three standard deviations (3σ) for ms in
the range of 1–8 keV. This approach to searches
for the sterile-neutrino admixture in tritium decay
has not yet been applied. Moreover, the accumu-
lation of tritium-decay electron spectrum featuring
about 1012 counts in a single detector over nearly the
whole energy range would be a unique measurement
not having analogs—the maximum number of events
ever obtained for the tritium spectrum per measure-
ment run with a proportional counter does not exceed
109 [22].

Methodologically, the approach described above
was already implemented in [31]. However, the main
objective of that study was to demonstrate the poten-
tial of the method of recording pulsed-signal oscillo-
grams by addressing the example of measurements of
37Ar activity in a proportional counter under condi-
tions of a high counting rate. A discretization step of
10 ns proved to be sufficient for solving this problem.
A pulsed current signal from the counter anode was
formed by a preamplifier whose characteristic time
was about 20 ns. A signal formed in this way had a
pulse rise time of 50 to 70 ns and a decay time of up to
1 μs, the time resolution being 30 ns. Estimations of
the quantities D and C characterizing the systematic
distortion of the spectrum (see Section 8) were not
performed in that study, but, on the basis of indi-
rect data, these parameters can roughly be estimated
at about 0.2% and about 1%, respectively. Within
methodological investigations, similar measurements
should be focused on estimating precisely these pa-
rameters.

5. MECHANISM RESPONSIBLE
FOR THE DISTORTION OF THE SPECTRUM

OF ELECTRONS FROM TRITIUM DECAY

Tritium (Z = 1, A = 3) decays according to the
scheme

3H → 3He + e− + ν̄e,

going over to the helium isotope 3He, whose half-
life is t1/2 � 12.3 yr, the decay energy being Qβ �
18.6 keV. The spin–parity of the nuclei involved in the
respective reaction undergoes no change (1/2+ →
1/2+), the decay belongs to the class of superallowed
Fermi transitions, and the emitted electron has the s-
wave form. For allowed transitions, the shape of the
emitted-electron spectrum is given by the expression

dN

dE
∼ F (Z,E)pE(E0 − E)2,

where p and E are the electron momentum and en-
ergy (in mec

2 units), respectively; E0 is the endpoint
energy; and F (Z,E) is the Fermi energy, which takes
into account the effect of the Coulomb interaction
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Fig. 2. Spectrum of electrons from tritium decay for a sterile-neutrino admixture in the range of 14–19 keV (U2 = 0.1 and
ms = 3 keV): (thin line) pure spectrum Sl without an admixture of νs, (thin line connecting the points) same spectrum
multiplied by the coefficient 1 − 0.1 = 0.9, (thick gray line) pure admixture spectrum Ss multiplied by the coefficient 0.1, and
(thick solid line) mixed spectrum S = 0.9Sl + 0.1Ss. The inset gives the electron spectrum over the whole energy range.

between the emitted electrons and the daughter nu-
cleus. A nonzero neutrino mass mν leads to a shift
of the endpoint energy of the spectrum, in which case
we have

dN

dE
∼ F (Z,E)pE(E0 − E)

× [(E0 − E)2 − (mνc
2)2]1/2.

In the presence of a massive sterile neutrino νs, the
flavor state νe (and, accordingly, the state ν̄e) can
be represented in the form of a combination of light
active (the respective index is i) and heavy sterile
mass eigenstates as

|νe〉 =
∑

i

Uei|νi〉 +
∑

s

Ues|νs〉,

where U is the unitary lepton mixing matrix. Without
loss of generality, this expression can be approxi-
mated by the mixing of only two mass eigenstates:

|νe〉 = Uel|νl〉 + Ues|νs〉.
The effective mass of the light active neutrino

(ml � 1 eV) is negligible in relation to the mass of the
sought sterile neutrino (about 1 keV). In that case, we
can represent the spectrum of electrons from tritium
decay as [32]

dN

dE
= (1 − |Ues|2)

dNl

dE
+ |Ues|2

dNs

dE
,

where
dNl

dE
∼ F (Z = 2, E)pE(E0 − E)2

is the pure spectrum featuring no sterile-neutrino
admixture at zero active-neutrino mass and

dNs

dE
∼ F (Z = 2, E)pE(E0 − E)

× [(E0 − E)2 − (msc
2)2]1/2

is the pure admixture spectrum of sterile neutrinos.
Hereafter, we disregard the spectrum of final states of
the 3He molecular ion.

In order to simplify our subsequent argument,
we consider only the kinematical component of the
electron-spectrum shape. For this, we get rid of
the Fermi function in the analytic expressions used:
we denote by Sl ≡ dNl

dE /F (Z = 2, E) the pure spec-
trum featuring no sterile-neutrino admixture, by Ss ≡
dNs
dE /F (Z = 2, E) the pure admixture spectrum of

sterile neutrinos, and by S ≡ dN
dE /F (Z = 2, E) the

mixed spectrum. For that case, the possible distor-
tion of the emitted-electron spectrum is illustrated in
Fig. 2.

Figure 2 shows the components of the mixed spec-
trum for the ad hoc option of U2 = 0.1 and ms =
3 keV. The thin line stands for the pure spectrum
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Fig. 3. Difference spectrum Sl − S for an the hoc option of U2 = 0.1 and ms = 3 keV. The thin line indicates zero values.

Sl (featuring no admixture of νs), while the thin line
going through points represents the same spectrum
multiplied by the coefficient 1 − 0.1 = 0.9. The thick
gray line corresponds to the admixture spectrum Ss

multiplied by the coefficient 0.1. The mixed spectrum
S = 0.9Sl + 0.1Ss is shown by the thick solid line.
The spectra in question are normalized to unity in
such a way that the meaning of the representation
corresponds to the probability density dp for the emis-
sion of an electron that has an energy within a bin
of width dE = 1 keV. It is noteworthy that, even for
so strong a mixing, the spectrum S is virtually in-
distinguishable from the spectrum Sl; one can clearly
see this in the inset, which gives the spectra over the
whole energy range and where the thick solid line
merges together with the thin line. The spectrum
is distorted primarily within the segment offset from
the endpoint energy E0 by ms = 3 keV—an inflection
point on the thick solid line is observed in the region
around 15.6 keV.

Figure 3 shows the difference Sl − S of the emis-
sion probability densities, which provides a clear-cut
characterization of special features of the inflection—
a sharp peak at the inflection point against the back-
ground of the shape distortion over the whole spec-
trum.

6. SENSITIVITY OF THE METHOD:
STATISTICAL UNCERTAINTY

The behavior described above makes it possible to
employ integrals over the difference spectrum Sl − S
to estimate the magnitude of the distortion. The prob-
lem here is complicated by the fact that the measured
spectrum Smeas is a superposition of the spectrum Sl

not containing the sought effect and the effect proper,

Ss, the reference spectrum Sl (featuring no admix-
ture) not being measurable. However, this difficulty,
which is typical of a broad range of physics prob-
lems, is relieved in the present case by the different
character of the influence of the effect in question
on different regions of the spectrum. In particular,
it seems reasonable to employ an interval that cor-
responds to a negative difference (here, we have a
vaster data sample and a less pronounced distortion of
the shape of the spectrum in relation to the reference
spectrum) to estimate parameters of the admixture-
free spectrum. Thereby, the “negative” (in this sense)
interval becomes a reference interval; accordingly, the
“positive” interval will be a test interval. We will be
interested in the difference of the counting rate based
on fitting the admixture-free spectrum to the data in
the reference interval and the counting rate actually
measured in the test interval. The presumed effect
receives contributions both from the distortion of the
spectrum proper and from the bias of the estimate
because of the effect of the sterile-neutrino admixture
in the reference interval. In the case being considered,
these contributions have the same sign; that is, they
enhance the effect. As a matter of fact, the experiment
is aimed at testing the hypothesis that there are no
distortions in the measured spectrum.

Obviously, the boundary between the reference
and test intervals will depend on the sterile-neutrino
mass, and this will also permit in principle estimating
this mass, provided that the effect is present. With-
in this approach, the full data-treatment procedure
should therefore include maximizing the effect by
choosing optimum boundaries between the reference
and test intervals. Because of a preliminary character
of our estimations, however, the reference and test
intervals were taken to be fixed (in order to simplify
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Values of J that are expressed in fractions of the normalized spectrum for various neutrino-mass values and several
values of U2

es

U2
es

νs mass, keV

1 2 4 6 8

10−3 2.7 × 10−6 1.1 × 10−5 4.4 × 10−5 1.0 × 10−4 1.7 × 10−4

10−4 2.7 × 10−7 1.1 × 10−6 4.4 × 10−6 1.0 × 10−5 1.7 × 10−5

10−5 2.7 × 10−8 1.1 × 10−7 4.4 × 10−7 1.0 × 10−6 1.7 × 10−6

respective calculations) in evaluating the results of
the simulation. Therefore, the resulting sensitivities
are likely to be underestimated.

For a reference interval, we took the segment ex-
tending from 4 to 10 keV and containing about 60%
of the whole spectrum. The lower boundary was
taken to be rather high with the aim of suppressing
the effect of uncertainty in the Fermi function F (Z =
2, E). The choice of interval for fitting was quite
arbitrary and has a preliminary character. Having
obtained an estimate for the admixture-free spectrum
Sfit

l , one can analyze the difference Sfit
l − Smeas over

the test interval between 10 and 18 keV. The choice of
these boundaries for the intervals restricts the region
of searches for sterile neutrinos to the mass range
between 1 and 8 keV.

A high counting rate will make it possible to
accumulate, within a reasonable time, an energy-
deposition spectrum featuring about 1012 events. We
will now estimate a limit that a data sample of this size
will permit setting on the probability of the sterile-
neutrino admixture. It was indicated above that, for a
first approximation, the integral J of the difference
spectrum over the test interval between 10 and
18 keV can be chosen as a measure of the distortion of
the mixed spectrum: J =

∫ 18
10 (Sfit

l − Smeas)dE. From
the expression for dN/dE, it is clear that there is a
linear relation between J and U2. Numerical values
of J that were expressed in terms of the fractions of
the normalized spectrum are given in the table for
various values of the sterile-neutrino mass.

If there is nosignal, one can find, at each value
of the mass ms, the smallest values of U2 at which
J still exceeds the statistical uncertainty at a 3σ
level. For a data sample of 1012 events, this level
for the neutrino mass in the range between 10 and
18 keV is 3

√
0.35 × 1012 ∼ 1.8 × 106 counts, which

approximately corresponds to the 1.8 × 10−6 fraction
of the spectrum. From the table, one can see that,
at ms = 1 keV, only for a mixing of about U2 = 10−3

does the value of J prove to be above this level. In
other words, the upper limit on U2 in the case of a
data sample that comprises 1012 events (that is, the

statistical sensitivity of the experiment) is 10−3 at
ms = 1 keV. At the mass value of ms = 8 keV, the
upper limit on the mixing is about 10−5.

It is noteworthy that the above approach to esti-
mating upper limits by using the data sample in ques-
tion is quite rough and has a preliminary character,
in just the same way as in the case of choosing the
reference energy range for constructing a fit to the
admixture-free spectrum. A detailed simulation will
show whether it is possible to improve the sensitivity
by analyzing the difference spectrum for the presence
of special features—for example, a sharp peak (see
Fig. 3).

In searches for a sterile-neutrino admixture and
in the evaluation of the sensitivity, one can in gen-
eral use a direct fit to the spectrum, adding two
extra parameters—the heavy-neutrino mass and the
squared sine of the mixing angle. However, this
method features a strong dependence on the knowl-
edge of the theoretical spectrum. The application of
special statistical criteria constructed, for example,
with the aid of the quasioptimum-weight method [33]
may prove to be more convenient. It can be shown
that this criteria are highly sensitive to the presence
of the sterile-neutrino contribution to the spectrum
but do not require precisely knowing the theoretical
spectrum. Such criteria were developed, for example,
in [34] with the aim of searches for a stepwise anoma-
lous contribution to the spectrum of electrons from
tritium beta decay in the Troitsk nu-mass experiment.

7. SYSTEMATIC
DISTORTION OF THE AMPLITUDE
SPECTRUM OF A PROPORTIONAL

COUNTER

Systematic effects on the response of cylindric
gaseous counters are well known. A dominant contri-
bution to the counter response comes from the spread
of measured pulse amplitudes, which is due, first of
all, to the statistical spread of the number n of ion–
electron pairs that arise upon primary ionization. It
is common practice to characterize this spread by
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the parameter R (energy resolution), which, by def-
inition, is equal to the ratio of the counter-response
FWHM for a given line to the energy of this line: R =
FWHM/E. The FWHM of a normal distribution and
its variance σ are related by the equation FWHM =
2.34σ; for large numbers, the variance is estimated as√

n. In that case, R = 2.34
√

n/n = 2.34/
√

n; in the
proportional mode characterized by a gas amplifica-
tion of about 103, we accordingly have R ∝ 1/

√
E,

where E is the electron energy. For inert gases, the
mean energy spent on creating an ion is about 30 eV.
On average, about 200 primary-ionization electrons
are generated by electrons of energy 5.9 keV that
are knocked out in the counter working gas by an
iron (55Fe) x-ray source, which is frequently used for
the purposes of calibration, the variance being σ ∼√

200 ∼ 14 electrons. Thus, the counter response
to electrons of energy 5.9 keV has a resolution not
higher than R5.9 = 2.34/14 ∼ 16%; for an energy of
18 keV, the resolution is about 10%. Analytically, the
resolution-induced smearing of the original spectrum
can be represented in the form of the convolution

SR(E) =

∞∫

0

S(x)G(μ = 0, σ(x), x − E)dx,

where S(E) is the original energy (E) distribution of
electrons, G(μ, σ,E) is a normal (Gaussian) distri-
bution characterized by an expectation value μ and
an energy-dependent variance σ, and SR(E) is the
distorted spectrum that arises upon the convolution.

A significant contribution to the systematic effect
is due to the formation of the background pedestal in
the spectrum because of the wall and edge effects, and
we use the fraction D of events that involved in the
pedestal as a quantitative measure of the effect. In
the working mixture dominated by xenon, the cloud
of primary ionization created by an electron of energy
about 10 keV has a size of l ∼ 0.1 mm at a pressure
of 1 atm. In that case, the fraction of events in which
the energy is degraded (wall effect) is l/L ∼ 1% in a
counter whose characteristic transverse size is L ∼
10 mm. A special counter design (conic shape of
the endfaces) and a sufficient length (about 200 mm)
make it possible to reduce the fraction of the boundary
effect to about 0.1% (see, for example, [35]). The
distortion of the original spectrum because of a rect-
angular pedestal whose fraction is D has the form

SD(E) = (1 − D)S(E) + D

∞∫

E

S(x)dx

x
,

where SD(E) is the spectrum after distortion.
At a high counting rate, random coincidences (su-

perpositions) of events come into play. The counting

rate for coincident events, C, is in direct proportion to
the product of the counting rate and pulse duration.
Via recording the shape of each signal, it is possi-
ble to ensure a time resolution of about 3 to 5 ns,
and the fraction C of indistinguishable superpositions
that distort the final amplitude spectrum proves to
be about 0.1% at a counting rate of about 106 Hz.
The distortion of the original spectrum because of
superpositions of pulses can be represented in the
form

SC(E) = (1 − C)S(E)

+ C

1
2
E∫

0

(S(x) + S(E − x)) dx,

where the coefficient 1/2 in front of E excludes double
summation over the spectrum.

The distortion of the proportional-counter re-
sponse because of the resolution, degrading, and
indistinguishable superposition of events is illustrated
in Fig. 4, where a model distribution of counter-
pulse amplitudes is given. As specific examples, we
present the response to 5- and 15-keV electrons that
was subsequently distorted by using the respective
factor. The notation in this figure is the following:
the gray vertical lines stand for the original electron
lines, each having an intensity of 1012 events; the
points correspond to the smearing of the lines at
a resolution of R5.9 = 16%; the dashed line repre-
sents the distortion of the response because of the
boundary and wall effects (D = 1%); and the solid
line corresponds to indistinguishable superpositions
of events, the respective coefficient being C = 0.1%.
The amplitude spectrum of counter signals generated
by tritium decays that was distorted by this response
is presented in Fig. 5.

8. SENSITIVITY OF THE METHOD:
SYSTEMATIC FACTORS

In addition to the statistical error, the systematic
uncertainty also affects the sensitivity of experiment.
By performing a simulation, one can estimate quan-
titatively the effect of the aforementioned systematic
factors that contribute to the distortion of the spec-
trum.

The experimental spectrum S based on a specific
data sample of N events for preset values of ms and
U2 is formed at random by using the analytic expres-
sion for the probability density characterizing electron
emission (see Section 5). After that, the spectrum
obtained in this way is successively distorted by the
resolution R, the pedestal D, and the superpositions
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Fig. 4. Simulated counter response to 5- and 15-keV electrons (gray vertical lines, the number events being N = 1012 for
each of them) that was distorted by the resolution, degrading (wall and boundary effects), and indistinguishable superposition
of events. We have R5.9 = 16% for the points, D = 1% for the dashed line, and C = 0.1% for the solid line.

 

10

 

8

 

10

 

6

 

10

 

4

 

N
u
m

b
er

 o
f 

co
u
n
ts

 p
er

 0
.1

 k
eV

100 5 15 25 3520 30
Energy, keV

10

 

2

Fig. 5. Simulated spectrum of events in the counter in the presence of tritium for a data sample featuring N = 1012

events: (dashed line) original spectrum of emitted electrons and (solid line) amplitude spectrum distorted by the resolution
(R5.9 = 16%), degrading (D = 1%), and indistinguishable superposition of events (C = 0.1%).

C. Therefore, the simulated spectrum S is a function
of these parameters; that is,

S = S(ms, U
2, N,R,D,C).

At the next step, S is fitted to the pure admixture-
free spectrum Sfit

l distorted by respective systematic
effects; that is,

Sfit
l = Sfit

l (N,R,D,C).

In doing this, one fixes the parameters D and C and
employs N and R as adjustable parameters; that is,
this fitting procedure yields, for N fit and Rfit, specific
values at which the admixture-free spectrum provides
the closest approximation to the experimental spec-
trum. In applying the fitting procedure, use was made
of the standard nonlinear-fit (nlinfit) function from
the Matlab 7.0 package; the fitting was performed
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Fig. 6. Difference spectrum Sfit
l − S for various pedestal values at the central values of D0 = 1% and C0 = 0.1% (U2 = 10−4,

ms = 4 keV, and N = 1012). The fitted results are represented by closed circles with error bars for D = D0 and C = C0, open
circles for D = D0 · [1 − 0.01], and open triangles for D = D0 · [1 + 0.01].

over the segment between 4 and 12 keV. Ultimately,
an estimate of the signal J was obtained from the
difference Sfit

l − S as the integral of the difference
spectrum over the segment between 12 and 18 keV.

From the point of view of estimating the system-
atic uncertainty, the spread of J values in response
to variations in the fixed parameters D and C is of
interest. This spread arises in the case where the
simulated spectrum S is obtained for some pair of
D and C values, while the fitting is performed for
different values, D ± δD and C ± δC. This situation
simulates the inaccurate knowledge of D and C in a
real experiment and, hence, provides an estimate of
the systematic uncertainty.

As an illustration of the change in the simulated
counter response upon the variation in the pedestal
and superpositions, we present the results obtained
by simulating difference spectra for the case of U2 =
10−4 and ms = 4 keV; the simulated data sample
comprises N = 1012 events. Figure 6 gives the dif-
ference spectrum Sfit

l − S for identical values of D

and C at the central values of D0 = 10−2 and C0 =
10−3 (points with error bars). The same figure shows
the differences in question for the case where one
constructs a fit at different pedestal values: D = D0 ·
[1 − 0.01] (open circles connected by a line) and D =
D0 · [1 + 0.01] (open triangles connected by a line).

Similarly, Fig. 7 presents the same simulated differ-
ence spectrum along with fits at different superposi-
tion values: C = C0 · [1 − 0.01] (circles connected by
a line) and C = C0 · [1 + 0.01] (triangles connected by
a line). These figures clearly show that, even in the
case of a small uncertainty (about 1%) in determining
D and C, the signal may undergo substantial distor-
tions, especially in the case of a pedestal.

The systematic uncertainty associated with an in-
accurate knowledge of the pedestal and superposi-
tions was estimated on the basis of a simulation in
the absence of a sterile-neutrino signal in the mixed
spectrum (case of U2 = 0). The parameters D and
C were varied within ±1% with respect to the central
values of D0 = 10−2 and C0 = 10−3 for a statistical
sample of N = 1012 events. For each simulation, we
fixed the amplitude of the spurious signal J generated
by a systematic effect. The results are compiled in
Fig. 8, where the signal amplitudes are given versus
the change in D (thick gray line) and versus the
change in C (thick solid line). Two thin lines indicate
the boundary of the statistical uncertainty in zero
signal at a 3σ C.L.; for a data sample of N = 1012

events, this boundary corresponds to 1.8× 106 counts
(see Section 6).

On the basis of this figure, one can draw a con-
clusion that is of importance from the point of view of
planning the experiment in question. The inaccuracy
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of available information about the pedestal (param-
eter D) has a much stronger effect on the ultimate
result than the inaccuracy of knowledge of the su-
perpositions (parameter C). In that case, calibrations
that would ensure measurements of the pedestal to
a precision of about 0.2% and superpositions to a

precision of about 1% are necessary for the systematic
uncertainty to be within the statistical uncertainty.

9. DISCUSSION
In order to minimize traditional factors con-

tributing to systematic uncertainties, it is neces-
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sary to choose appropriately the counter design and
working-mixture parameters that would ensure the
stability of counter operation under conditions of high
counting rates. The implementation of the experi-
ment under discussion would require manufacturing
quartz-tube counters that feature carbon cathode
sputtering and which have various diameters and
lengths; for various mixtures of inert gases (Ar, Xe,
and so on) with CH4, CO2, etc., with quenching
additions, it is necessary to study an optimum com-
position and pressure that would ensure a fast oper-
ation and a long-term stability of the manufactured
counters. On the basis of measurements, it would
be possible to select the most appropriate counter
and composition of the mixture for measurements
with 3H. Detailed calculations (numerical simulation)
would be required for refining the contribution of
various systematic-error sources. For calibration
measurements, one can use inner (2.8-keV 37Ar
line) and outer (5.9-keV 55Fe and 22-keV 109Cd
lines) sources. It is noteworthy that we are going to
measure tritium spectra at the highest counting rate;
therefore, a calibration of the counter filled with the
working tritium medium is hardly possible. For this
reason, an optimum way to calibrate the working-
scale linearity and the counter energy resolution and
stability is that of employing reference sources prior
to and after measurements with a similar mixture.

Preliminary estimations show that, at average
values of D∼10−2 and C∼10−3 precise to within
±0.1% and ±1%, respectively, the contribution of
the systematic uncertainty to the estimated limit on
the sterile-neutrino admixture proves to be commen-
surate with the statistical-uncertainty contribution
at a 3σ C.L. for the case where the total number of
events in the spectrum is about 1012. This precision
in measuring the pedestal is reachable upon accu-
mulating a data sample of not less than 108 events
for calibration spectra, and this does not create any
serious problem. It is noteworthy, however, that
the simple rectangular-pedestal model underlying the
estimation of the systematic effect can hardly provide
a full description of the pedestal. Direct calibration
measurements on the basis of a vast data sample
would make it possible to refine our knowledge of the
pedestal shape.

With the aim of obtaining a physically clear rep-
resentation, the Fermi function was excluded from
respective expressions in considering the mechanism
of formation of the inflection point in the electron
spectrum. A dominant contribution to the systematic
distortion of the primary energy spectrum of electrons
emitted in tritium decay comes from the Coulomb
interaction of the outgoing electron with the daughter
nucleus of 3He. For the case of pointlike charges,

the uncertainty in the calculated distortion, which is
described by the Fermi function F (Z,E), is restricted
only by the inaccuracy of knowledge of the physics
constants that appear in respective equations. At
the present time, their inaccuracy does not exceed
10−8. However, the simple Coulomb interaction in
the real decay of tritium is in turn distorted because
of a number of factors, including the screening of the
daughter-nucleus field by the orbital electron, a finite
size of the daughter nucleus, and electron exchange.
In [36], Wilkinson considered in detail all possible
processes that could correct the Fermi function and
showed that, in the case of tritium, allowance for
these factors leads to a multiplicative correction of
about 10−3 or less, at least at a distance of 2 keV
from the endpoint energy. The problem of accuracy
in calculating F (Z = 2, E) thereby reduces to that of
the accuracy to which we know the corrections. In
turn, the inclusion of the corrections is based on QED
calculations—that is, a rather high accuracy may be
expected. In any case, the uncertainty associated with
the pedestal in the spectrum is much greater than
the corrections to the Coulomb interaction. Thus,
there is every reason to disregard the latter, at least
in planning the experiment being discussed.

The contribution of decays of atoms absorbed by
the counter walls will be a systematic-uncertainty
factor peculiar to measurements with tritium. Ac-
cording to available data [22], this contribution is
rather small in the case of employing hydrogen-free
materials and the respective measurement procedure.
Moreover, it can be monitored and taken correctly
into account. In addition, some specialists in tritium
interaction with materials (see, for example, [37])
report that hydrogen and tritium basically form a
monomolecular layer on a flat surface of pyrolytic
graphite deposited onto the inner surface of the quartz
tube. This is one of the advantages of the application
of a quartz-tube counter over a metallic cathode, in
which case one first of all expects the diffusion of
hydrogen from the surface of the respective metal to
its interior.
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